Abstract. The ratios of any two Fibonacci numbers are expressed by means of semisimple continued fraction.
Introduction
The Fibonacci sequence {F n } n≥1 is a series of numbers that begins with F 1 = F 2 = 1 and each next is the sum of the previous two terms. The Lucas sequence {L n } n≥1 is a modified Fibonacci sequence starting from L 1 = 1 and L 2 = 3. A number of properties of these sequences were studied by many researchers. Among them, the ratios Fn Fn−1 and Ln Ln−1 of two successive terms of each sequence were investigated by means of simple continued fraction ( [2] , [3] , [4] and [6] ).
This work is devoted to studying the ratio Fn F k for any n and k. For the purpose, a semisimple continued fraction will be defined and compared to a simple continued fractions. We shall show that Fn F k is expressed by a semisimple continued fraction more efficiently than by a simple continued fraction. And it will be seen that semisimple continued fraction may yield any large Fibonacci numbers, like F 105 a 22 digit number.
Semisimple continued fractions
We begin with a lemma that provides a motivation of this work.
Lemma 2.1 ([5]
). Let k, t and r be positive integers. If t ≥ 2 and r ≤ k, then we have the following relations.
(1) L kt+r = L k L k(t−1)+r + (−1) k−1 L k(t−2)+r , so L n (n = kt + r) is expressed by only three Lucas numbers L k , L r and L k+r . (2) F kt+r = L k F k(t−1)+r + (−1) k−1 F k(t−2)+r , so F n (n = kt + r) is expressed by L k , F r and F k+r .
Note that r may be considered as the remainder of n when divided by k, but we assume 1 ≤ r ≤ k because the sequences start from
and again
These fractions yield a motivation to define a sort of continued fraction composed of only Lucas numbers. Let n ≥ 2. For real numbers a 0 , b 0 ≥ 0 and a i > 0, b i > 1 (i = 1, . . . , n), the fractions a 0 + 1
. . . a n−2 + 1 a n−1 a n and b 0 − 1 equals the Lucas continued fraction
This provides a good reason to define the semisimple continued fraction. We may compare these fractions to the (minus) simple continued fractions a 0 + 1
. . . 1 a n−1 + 1 a n and b 0 − 1
where a 0 , b 0 ≥ 0 and a i > 0, b i > 1 (i = 1, . . . , n), denoted by a 0 ; a 1 , . . . , a n and [b 0 ; b 1 , . . . , b n ], respectively (refer to [1] ).
Theorem 2.2. Let n ≥ 2. For the (minus) semisimple continued fractions,
a 0 ; . . . , a n = a 0 + 0; a 1 , . . . , a n = a 0 + 1 a 1 ; . . . , a n = 1 0; a 0 , . . . , a n = a 0 ; . . . , a n−3 , a n−2 a n−1 + a n , a n−1 = a 0 ; . . . , a n−2 , a n−2 a n−1 a n−2 a n−1 + a n .
[[a 0 ; . . . , a n ]] = a 0 + [[0; a 1 , . . . , a n ]]
= a 0 ; . . . , a n−2 , ⌊ a n−1 a n ⌋, a n , a n−1 − ⌊ a n−1 a n ⌋a n .
Proof. Since a 0 ; . . . , a n−2 , a n−1 , a n = a 0 + 1 . . . a n−3 + 1 a n−2 + 1 a n−1 an
. . . a n−3 + 1 a n−2 a n−1 + a n a n−1
. . . a n−3 + 1 a n−2 x with x = an−2an−1 an−2an−1+an , (1) follows immediately. Now for (2) , write a n−1 = qa n + r with 0 ≤ r < a n and q ∈ Z. Then a; a n−1 , a n = a + 1
an r = a; q, a n , r = a; ⌊ a n−1 a n ⌋, a n , a n−1 − ⌊ a n−1 a n ⌋a n . Theorem 2.3. We further have the following identities.
(1) a 0 ; . . . , a n , 1 = a 0 ; . . . , a n , [[a 0 ; . . . , a n , 1]] = [a 0 ; . . . , a n ] for n ≥ 1. (2) a 0 ; . . . , a n = a 0 ; . . . , a n−2 , an−1 an = a 0 ; . . . , a n−3 , a n−2 + an an−1 for n ≥ 3. (3) a 0 ; a 1 , . . . , a n = a 0 ; a 1 , . . . , a k , a k+1 ; . . . , a n for 0 ≤ k ≤ n − 2.
Proof. The proof is not hard. 
Convergents of a semisimple continued fraction
The section is devoted to investigating successive convergents of a semisimple continued fraction, and to studying relationships with those of a simple continued fraction.
Given a continued fraction a 0 ; a 1 , . . . , a n , a numerator u k and a denominator v k of the kth convergent C k are given by the recursive formulas
where
The next theorem shows a recursion formula involving the semisimple continued fraction. For every a k > 0, let
. . , a n .
Theorem 3.1. Let n ≥ 2. Then for all 2 ≤ k ≤ n, the following are equivalent for the kth convergent S k of S n .
(
On the other hand, Theorem 2.3(2) together with the consideration about the continued fraction give rise to
We now suppose that (1), (2) and (3) hold for S k for k < n. Then
Moreover it follows inductively that
Example. Consider . From now on, we denote the semisimple continued fraction a 0 ; a 1 , . . . , a n by S n and the continued fraction a 0 ; a 1 , . . . , a n by C n where 0 < a i ∈ Z. Then for every k < n,
are the kth convergents of S n and C n respectively, where u k , v k , p k and q k are in Theorem 3.1.
Proof. It is clear to see that
It shows C 0 < C 2 < C 4 < · · · < C 5 < C 3 < C 1 and {C k } converges to C n for large enough n ( [1] ). Similarly, we shall investigate the differences S k − S k−1 and
Proof. By Theorem 3.1, we have
Then the determinants of both sides yield
Theorem 3.4. S 3 < S 5 < S 7 < · · · < S 6 < S 4 < S 2 , so {S k } converges to S n for large enough n.
Proof. Obviously q k > 0 and δ k = a k−1 (a k − 1) + a k+1 > 0 for every k. Thus
Thus from
we have S k < S k−2 for even k, otherwise S k−2 < S k . Therefore
so S k converges when k gets larger.
For example, from π = a 0 ; a 1 , a 2 , . . . = 3; 7, 15, 1, 292, 1, 1, 1, 2, 1, 3, 1, 14, . . . , the first few convergents of continued fraction are Now the differences of convergents of C n are, for instance
Moreover
and C 4 −C 2 = 292 (106)(33102)
. Corollary 3.5. Let S n = a 0 ; a 1 , . . . , a n = pn qn . Assume a k = 1 for k < n.
Proof. From Theorem 3.3, we have
Similarly,
. 
Ratios of Fibonacci numbers in semisimple continued fraction

It is well known that the ratio
Fn+1
Fn is equal to 1 n = 1; 1, . . . , 1 . This section is devoted to study Lemma 4.1. Let n ≥ 3. Then F n+1 = 2F n − F n−2 = 2F n−1 + F n−2 and
Moreover due to Lemma 2.1,
Theorem 4.2. Let n ≥ 3 and write n = 2t + r with 1 ≤ r ≤ 2.
(1)
Proof. Due to Lemma 4.1, it is obvious that
and
for v ≤ t. Therefore, for n = 2t + r (1 ≤ r ≤ 2), Theorem 2.3 yields
On the other hand, since 2F n − F n−2 = F n+1 , it follows from (1) that
It shows that if n = 2t + r (r = 1, 2), then Proof. Lemma 2.1 with
Hence by making use of Theorem 2.3, it follows that
Now we generalize Theorem 4.3 as follows.
Theorem 4.4. Let k ≥ 3. Let n ≥ k + 1 and write n = kt + r with 1 ≤ r ≤ k.
On the other hand, if k is even, then
and the rest follows similarly.
In particular, in case of n = kt + r with r = 3 ≤ k, the next theorem follows. 
. Proof. Assume k is odd. Theorem 4.4 together with Theorem 2.3 yields
Since 3 ≤ k, if we write k = 3u + v with 1 ≤ v ≤ 3, then we have
where λ = 3, 5 or 4 according to v = 1, 2 or 3 by Theorem 4.3. Let P 0 = 1 and P 1 = 4; λ . Then we see that
, where P 3 = 4P 2 + P 1 ,
, where P 4 = 4P 3 + P 2 .
Thus we have, for any 0
with P 0 = 1 and P 1 = 4; λ . It then follows that
with P 1 = 4; 3 and On the other hand, assume that k is even. Then Theorem 4.4 implies Example. In order to find F 105 and F 88 , let n = 88 and k = 17. Then Proof. This is mainly due to Theorem 4.4.
